About split quaternion algebras over quadratic fields and symbol algebras of degree n
Introduction
Let K be a field with charK = 2. Let K * = K\{0}, a, b ∈ K * . The quaternion algebra H K (a, b) is the K-algebra with K-basis {1; e 1 ; e 2 ; e 3 } satisfying the relations: e 2 1 = a, e 2 2 = b, e 3 = e 1 · e 2 = −e 2 · e 1. Let n be an arbitrary positive integer, n ≥ 3 and let ξ be a primitive n-th root of unity. Let K be a field with charK = 2, charK does not divide n and ξ∈ K. Let a, b ∈ K * and let A be the algebra over K generated by elements x and y where x n = a, y n = b, yx = ξxy.
This algebra is called a symbol algebra and it is denoted by a, b K,ξ . For n = 2, we obtain the quaternion algebra. Quaternion algebras and symbol algebras are central simple algebras of dimension n 2 over K, non-commutative, but associative algebras (see [Mil; 08] ).
In this article we find sufficient conditions for a quaternion algebra to split over a quadratic field. In the paper [Sa; 16] we found a class of division quaternion algebra over the quadratic field Q (i) (i 2 = −1), respectively a class of division symbol algebra over the cyclotomic field Q (ξ) , where ξ is a primitive root of order q (prime) of unity. In the last section of this article we generalize these results for symbol algebras of degree n ≥ 3, not necessarily prime.
Preliminaries
We recall some results of the theory of cyclotomic fields, Kummer fields and p− adic fields, associative algebras, which will be used in our paper.
Let n be an integer, n ≥ 3 and let K be a field of characteristic prime to n in which x n − 1 splits; and let ξ be a primitive n th root of unity. The following lemma (which can be found in [Ca, Fr; 67] ) gives information about certain extension of K.
n , the Galois group is cyclic and can be generated by σ with σ (α) = ξα. Moreover, the discriminant of K (
Let A = 0 be a central simple algebra over a field K. We recall that if A is a finite-dimensional algebra, then A is a division algebra if and only if A is without zero divisors (x = 0, [Mil; 08] , [Ko; 00] ). A result due Albert-Brauer-HasseNoether says that for any number field K, the following sequence is exact: [Ki, Vo; 10] ). Let F be a number field and let K be a field containing F. Let H F be a quaternion algebra over
Quaternion algebras which split over quadratic fields
Let p, q be two odd prime integers, p = q. If a quaternion algebra H (p, q) splits over Q, of course it splits over each algebraic number fields. It is known that if K is an algebraic number field such that [K : Q] is odd and α, β∈Q * , then the quaternion algebra H K (α, β) splits if and only if the quaternion algebra H Q (α, β) splits (see [Lam; 04] ). But, when [K : Q] is even there are quaternion algebras H (α, β) which does not split over Q, but its split over K. For example, the quaternion algebra H (11, 47) does not split over Q, but it splits over the quadratic field Q (i) (where i 2 = −1). We want to determine sufficient conditions for a quaternion algebra H (p, q) to split over a quadratic field K = Q √ d . Let O K be the ring of integers of K.
Since p and q lie in Q, the problem whether
We obtain sufficient conditions for a quaternion algebra H (p, q) to split over a quadratic field. 
Proof. i) Applying Albert-Brauer-Hasse-Noether theorem, we obtain the following description of the Brauer group of Q and of the Brauer group of the quadratic field Q √ d .
where ϕ p is the multiplication by 2 when there is single P ∈Spec(O K ) above the ideal pZ i.e. pZ is inert in O K or pZ is ramified in O K , respectively ϕ p is the diagonal map Q/Z → Q/Z ⊕ Q/Z if there are two primes P, P ′ of O K above pZ i.e. pZ is totally split in O K . Using this description we determine sufficient conditions for a quaternion algebra H (p, q) to split over a quadratic field
Applying the theorem of decomposition of a prime integer p in the ring of integers of a quadratic field (see for example [Ire, Ros; 90] , p. 190), it results that p is ramified in O K or p is inert in O K , respectively q is ramified in O K or q is inert in O K . So, p and q do not split in K. Let ∆ denote the discriminant of the quaternion algebra H Q(
It is known that a prime positive integer p ′ ramifies in
( [Ko] , [Ko; 00] ). This implies p ′ |2pq. Since d ≡ 1 (mod 8) and the decomposition of 2 in O K (see [Ire, Ros; 90] = 1 are equivalent to p≡q≡3(mod 4). We consider the quaternion algebra H Q(i) (5, 29) , so p = 5≡1(mod 4) and q = 29≡1(mod 4). Doing some calculations in software MAGMA, we obtain that the algebra H Q(i) (5, 29) splits. Analogous, for p = 5≡1(mod 4) and q = 19≡3(mod 4), we obtain that the algebra H Q(i) (5, 19) splits. Another example: if d = 3, p = 7, q = 47. We have We wonder what happens with a quaternion algebra
Theorem 3.1 when instead of p or q we consider an arbitrary integer α. Immediately we obtain the following result: = 1, for each odd prime divisor q of α, using a reasoning similar with that of Theorem 3.1, we get that such primes does not exist, so the quaternion algebra
Symbol algebras of degree n
In the paper [Sa; 16] we found a class of division quaternion algebras over the quadratic field Q (i) ([Sa; 16] , Th. 3.1) and a class of division symbol algebras of degree q (where q is an odd prime positive integer) over a p-adic field or over a cyclotomic field ([Sa; 16], Th. 3.2). Here we generalize theorem 3.2 from [Sa; 16] , when A is a symbol algebra over the n-th cyclotomic field, where n is a positive integer, n ≥ 3.
Theorem 4.1. Let n be a positive integer, n ≥ 3, p be a prime positive integer such that p ≡ 1 (mod n), ξ be a primitive root of order n of unity and let K = Q (ξ) be the n th cyclotomic field. Then there is an integer α not divisible by p, α is not a l power residue modulo p, for (∀) l∈N, l|n and for every such an α, we have:
ii) the symbol algebra A is a non-split algebra over K.
is non -trivial, so f is not injective. So, f is not surjective. It results that there exists α (in F * p ,) which does not belongs to F * p n . Let β be an n th root of α (modulo p). Since α is not a l power residue modulo p, for (∀) l∈N, l|n, it results that the extension of fields F p β /F p is a cyclic extension of degree n. Applying a consequence of Hensel's lemma (see for example [Al, Go; 99] ) and the fact that p ≡ 1 (mod n), it results that Q p contains the n-th roots of the unity, therefore
Qp,ξ . Applying Lemma 2.1, it results that the extension Q p ( n √ α) /Q p is a cyclic unramified extension of degree n, therefore a norm of an element from this extension can be a positive power of p, but cannot be p. According to a criterion for splitting of the symbol algebras (see Corollary 4.7.7, p. 112 from [Gi, Sz; 06] ), it results that α,p Qp,ξ is a non-split algebra.
ii) Applying i) and the fact that K ⊂ Q p , it results that A is a non-split algebra.
Remark 4.1. Although Theorem 4.1 is the generalization of Theorem 3.2 from [Sa; 16] for symbol algebras of degree n, there are some differences between these two theorems, namely: -One of the conditions of the hypothesis of Theorem 3.2 from [Sa; 16] is: α is not a q power residue modulo p. With a similar condition in the hypothesis of Theorem 4.1, namely: α is not a n power residue modulo p, Theorem 4.1 does not work. We give an example in this regard: let p = 7, n = 6, α = 2. 2 is not a 6 power residue modulo 7, but 2 is a quadratic residue modulo 7. Let β be an 6 th root of α (modulo 7). We obtain that the polynomial Y 6 − 2 is not irreducible in
). So, the extension of fields F 7 ⊂ F 7 β has not the degree n = 6. For this reason, in the hypothesis of Theorem 4.1 we put the condition: α is not a l power residue modulo p, for (∀) l∈N, l|n; -In Theorem 3.2 from [Sa; 16] we proved that A ⊗ K Q p is a non-split symbol algebra over Q p (respectively A is a non-split symbol algebra over K) and applying Remark 2.1. this is equivalent to A is a division symbol algebra over Q p (respectively A is a division symbol algebra over K). But, Remark 2.1 holds iff n is prime. For this reason, the conclusion of Theorem 4.1 is: A is a non-split symbol algebra over Q p (respectively A is a non-split symbol algebra over K).
Conclusions. In the last section of the paper, we found a class of non-split symbol algebras of degree n (where n is a positive integer, n ≥ 3) over a p− adic field, respectively over a cyclotomic field. In a further research we intend to improve Theorem 4.1 from this paper, for to find a class of division symbol algebras of degree n (where n∈N * , n ≥ 3) over a cyclotomic field.
